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a b s t r a c t
Energy-conserving algorithms are necessary to solve nonlinear elastodynamic problems
in order to recover long term time integration accuracy and stability. Furthermore, some
physical phenomena (such as friction) can generate dissipation; then in this work, we
present and analyse two energy-consistent algorithms for hyperelastodynamic frictional
contact problems which are characterised by a conserving behaviour for frictionless
impacts but also by an admissible frictional dissipation phenomenon. The first approach
permits one to enforce, respectively, the Kuhn–Tucker and persistency conditions during
each time step by combining an adapted continuation of the Newton method and a
Lagrangean formulation. In addition the second method which is based on the work
in [P. Hauret, P. Le Tallec, Energy-controlling time integration methods for nonlinear
elastodynamics and low-velocity impact, Comput. Methods Appl. Mech. Eng. 195 (2006)
4890–4916] represents a specific penalisation of the unilateral contact conditions. Some
numerical simulations are presented to underscore the conservative or dissipative
behaviour of the proposed methods.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
During recent years, the construction of energy conserving time integration methods to solve nonlinear elastodynamic
problems has attracted the interest of many researchers ([17,8,4] etc.). Furthermore, many works have been devoted
to extend these conservative formulations to frictionless impact; more precisely, Laursen and Chawla [14] and Armero
and Petocz [3] have shown the interest of the persistency condition to conserve energy in the discrete framework. But
these contributions concede a contact interpenetration which vanishes as the time step tends towards zero. Recently, this
drawback is resolved in [15] by introducing a discrete jump in velocity. In this work, we present two energy-conserving
algorithms for hyperelastodynamic contact problems which differ from the approaches mentionned above. The first
approach (presented briefly in [5]) permits us to enforce, respectively, the Kuhn-Tucker conditions and the persistency
condition during each time increment by using an adapted continuation Newton method. In addition, the second method is
based on the work in [10] and uses a specific penalisation technique in order to enforce the contact conditions. In this work,
these twomethods are extended to the friction case. In Section 2, we recall some general aspects of nonlinear elastodynamic
problems with contact and friction as the Mechanical and the Mathematical modelling. The Section 3 is devoted to present
the two energy-consistent approaches well suited to frictional contact problems. Sowe recall in Section 3.1 the usual energy
conserving frameworks used to solve nonlinear elastodynamic problems. In Sections 3.2 and 3.3, the implementation of
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energy-conservingmethods to treat impact problems with an extension to frictional dissipation phenomenon, is presented.
Furthermore, we focus our interest on the analysis of discrete energy evolution and the presentation of a numerical
algorithm for each of the twomethods. In the last section, representative numerical simulations are presented to assess the
performance and also to underscore the conservative or dissipative behaviour of the proposed methods. First, we consider
one impact of a ring against a rigid surface (Section 4.1) and then we extend this simulation to bounces of the ring until
rolling on the surface is obtained (Section 4.2).
2. Mechanical and mathematical modelling
2.1. Mechanical modelling
Dynamic deformable body systems in large deformations are governed by nonlinear time dependent equations. In this
work, we consider two bodiesΩ(1) andΩ(2), each of then having a nonlinear elastic behaviour characterised by hyperelastic
constitutive laws. The first Piola–Kirchoff tensor 5(i) is given by the relation 5(i) = ∂FW (i)(F(i)) where W (i)(F(i)) is the
internal hyperelastic energy and F(i) the deformation gradient defined by F(i) = I+∇u(i) (u(i) represents the displacement
vector of the body Ω(i)). Thereafter, (i) represents the quantity  in relation with the body Ω(i). Moreover, the frictional
contact phenomenon is modelled by combining the normal unilateral contact law and the tangential frictional Coulomb
law with variable pressure [16]. These multivalued relations depend on the normal gap distance dν , the tangential contact
velocity
o
dτ and the frictional contact stress 0 (split into a normal contact pressure Γν and a tangential part 0τ); these laws
can be written as follows:
contact law:
{dν ≥ 0,
Γν ≤ 0,
dνΓν = 0,
and friction law:

o
dτ = ‖
o
dτ‖ Γ τ‖0τ‖ ,‖0τ‖ + µΓν ≤ 0,
‖ odτ‖(‖0τ‖ + µΓν) = 0.
(1)
here ν and τ are the exterior normal and tangent contact unit vectors on ∂cΩ(2) and µ is the friction coefficient. The subset
∂cΩ
(i) of the boundary ∂Ω(i) denotes the contact surface of the bodyΩ(i). The normal and the tangential gap distance can
be defined by using the closest-point projection x⊥(2) on the target surface ∂cΩ(2) in the following way:
dν := ν.(x(1) + u(1)(t, x(1))− (x⊥(2) + u(2)(t, x⊥(2)))), (2)
dτ := (I− ν⊗ ν)(x(1) + u(1)(t, x(1))− (x⊥(2) + u(2)(t, x⊥(2)))), (3)
where x⊥(2) = arg min
x(2)∈∂cΩ(2)
‖x(1)+u(1)(t, x(1))− (x(2)+u(2)(t, x(2)))‖2 and ν = ν(t, x⊥(2)). In the sameway, we can define
the normal and the tangential contact velocity by considering the velocities u˙(i) of the bodiesΩ(i):
o
dν := ν.(u˙(1)(t, x(1))− u˙(2)(t, x⊥(2))), (4)
o
dτ := (I− ν⊗ ν)(u˙(1)(t, x(1))− u˙(2)(t, x⊥(2))). (5)
A dot superscript indicates the time derivative. For more details on the definitions of the quantities dν ,
o
dν and dτ ,
o
dτ in the
framework of large deformations, we can refer to [7].
These tribological laws (1) can be written in the form of subdifferential inclusions which derive from conjugate non-
differentiable convex potentials (in the sense of the subgradient [16]),
Γν ∈ ∂ΨR+(dν) and 0τ ∈ ∂Ψ ∗C[Γν](
o
dτ), (6)
where ∂ΨR+ and ∂Ψ ∗C[Γν] denote, respectively, the subdifferential of the indicator function ΨR+ of the positive half-line R,
and the subdifferential of Fenchel conjugate with the indicator function Ψ ∗C[Γν] of C[Γν]. C[Γν] denotes the convex disk of
radius−µΓν . We can note that this convex disk depends on the unknown normal contact stress Γν .
In addition, in order to obtain energy conservation properties, the work of normal contact reactions at time t (Wc =∫
∂cΩ(2)
Γν
o
dν) must vanish [14]; so for an energy conservation purpose, the following persistency condition has to be added
(see [14,3]),
o
dνΓν = 0. (7)
This condition means that normal contact reactions can only appear during persistent contact. One can easily prove [13]
that the addition of the persistency condition (7) to the unilateral contact law gives the following law:
persistent contact law:
{if dν > 0 Γν = 0
if dν = 0 Γν ∈ ∂ΨR+(
o
dν).
(8)
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2.2. Variational formulation
In order to simplify writing, we adopt the following notations:
Ω = Ω(1)
⋃
Ω(2) and  = ((1),(2)).
Moreover the integration of the quantity  onΩ can be written as follows:∫
Ω
 =
2∑
i=1
∫
Ω(i)
(i).
Thus, a typical nonlinear elastodynamic problem defined in a reference configuration can be governed by the following
variational form,
Find u ∈ L2(]0; T [;U) such that for each t ∈]0; T [,∫
Ω
ρu¨.v+
∫
Ω
5 : ∇v−
∫
Ω
f.v−
∫
∂gΩ
g.v+ Pc+f (u, v) = 0, ∀v ∈ U,
∂2u
∂t2
= u¨ in U,
(9)
where ρ denotes the mass density; f and g are the external force densities. The set U = U (1) × U (2) where U (i) = {v(i) ∈
H1(Ω(i))dim; v(i) = 0 on ∂0Ω(i)} represents the space of kinematically admissible displacement fields. ∂0Ω(i) and ∂gΩ(i) are
respectively the subsets of the boundary ∂Ω(i) in which the displacement and the traction are applied. The frictional contact
term is given by
Pc+f (u, v) =
∫
∂cΩ(2)
[Γνδdν + Γ τ .δdτ ] , (10)
where δdν and δdτ represent respectively the directional derivatives of dν and dτ along with the direction v:
δdν := lim
α→0
dν(u+ αv)− dν(u)
α
= ν.(v(1) − v⊥(2)), (11)
δdτ := lim
α→0
dτ(u+ αv)− dτ(u)
α
= (I− ν⊗ ν)(v(1) − v⊥(2)), (12)
where v(1) = v(1)(x(1)) and v⊥(2) = v(2)(x⊥(2)). The previousweak form (9) is verified for all admissible virtual displacements
such that the frictional contact conditions are satisfied.
2.3. Conservation and dissipation properties in the continuous frameworks
From a physical point of view, the solution of an hyperelastodynamic problem is expected to satisfy some conservation
properties as the energy conservation, the angular momentum conservation and the linear momentum conservation. In
absence of contact and friction, the energy conservation can be written as follows:∫ t
0
E˙(s)ds = E(t)− E(0) =
∫ t
0
∫
Ω
f.u˙ds+
∫ t
0
∫
∂gΩ
g.u˙ds, (13)
where (s, t) ∈]0; T [×]0; T [ and E(t) denotes the internal energy of the two-body system and is defined as follows:
E(t) = 1
2
∫
Ω
ρ|u˙|2 +
∫
Ω
W˜ (C) (14)
with C = FtF. The same statement can be established for angular and linear momentums, see [17].
In case frictional contact phenomena occur, the energy conservation property is defined by the following assessment:
E(t)− E(0) =
∫ t
0
∫
Ω
f.u˙ds+
∫ t
0
∫
∂gΩ
g.u˙ds−
∫ t
0
Wc+f ds, (15)
where the work of the frictional contact reactionWc+f (t) is defined by the following expression:
Wc+f = Pc+f (u, vt) =
∫
∂cΩ(2)
[
Γν
o
dν + 0τ .
o
dτ
]
. (16)
When the material variation v is replaced by the material velocity vt = u˙(t, x), the frictional contact term (10) becomes
the frictional contact work (16) in which
o
dν and
o
dτ represent respectively the material time derivatives of dν and dτ (see
formulae (4) and (5)).
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According to the presence of friction, the assessment of energy given by the formula (15) can be conservative or
dissipative. So, in the absence of external forces, we can consider the following cases:
Case without friction:
Γν
o
dν = 0 ⇒ Wc+f = 0 ⇒ E(0) = E(t). (17)
Case with friction:
Γν
o
dν = 0, Γ τ .
o
dτ ≥ 0 ⇒ Wc+f ≥ 0 ⇒ E(0) ≥ E(t). (18)
The case (17) means that when the persistency condition (7) is enforced, the total energy of the two-body system is
conserved. Furthermore, when frictional contact conditions are considered (case (18)), a dissipation of energy is obtained
between the times 0 and t and that corresponds to the frictional dissipation phenomenon.
3. Two energy-consistent approach
3.1. Usual discrete energy-conserving frameworks
First, we recall in this section the usual discrete energy-conserving frameworks in the case without contact. In order
to solve a nonlinear elastodynamic problem, we have to use adapted time integration schemes. When nonlinear dynamic
problems are considered, the standard implicit schemes (θ-method, Newmark schemes, midpoint or HHT methods, see
for example [11,13]) lose their unconditional stability. So we have to use implicit energy conservative schemes [17,8,4,
13,9] which are appropriate due to their long term time integration accuracy and stability. These methods are based on
the satisfaction of discrete mechanical conservation properties. In the following, we consider a collection of discrete times
(tp)p=1..P which defines a partition of the time interval [0; T ] =⋃Pp=1[tp; tp+1]with tp+1 = tp +1t and1t = TP . By using a
second order time integration scheme (midpoint scheme) with energy conservation properties [17,8,9], the weak form of a
nonlinear elastodynamic problem integrated between times tp and tp+1 gives the following system,
Find up+1 ∈ U such that
1
1t
∫
Ω
ρ(u˙p+1 − u˙p).v+
∫
Ω
5algo : ∇v−
∫
Ω
fp+ 12 .v−
∫
∂gΩ
gp+ 12 .v = 0.
(19)
In the system (19), p+ 12 =
1
2 (p + p+1) and p denote the approximation of (tp). The midpoint scheme gives the
following relation:
u˙p+1 = −u˙p + 2
1t
(up+1 − up). (20)
Moreover, the time integration scheme (19) used in this work is characterized by the tensor5algo proposed by Gonzalez [8]
and defined by
5algo = Fp+ 126algo,
6algo = 2∂W˜
∂C
(Cp+ 12 )+ 2
[
W˜ (Cp+1)− W˜ (Cp)− ∂W˜
∂C
(Cp+ 12 ) : 1Cp
]
1Cp
1Cp : 1Cp ,
(21)
with 1Cp = Cp+1 − Cp and Cp = FtpFp. The previous relations (21) were introduced in order to verify exact energy
conservation characterized by the following condition (see [8]),
5algo : (∇up+1 −∇up) = W˜ (Cp+1)− W˜ (Cp). (22)
Furthermore, many works have been devoted to extend these conservative formulations to frictionless impact; more
precisely, Laursen and Chawla [14] and Armero and Petocz [3] have shown the benefit of the persistency condition to
conserve the energy in the discrete framework. But these works are characterized by a contact interpenetration that can
only vanish when the time step tends towards zero. Recently, in order to overcome this drawback Laursen and Love [15]
have developed an efficient method by introducing a discrete jump in velocity; but this method requires the solution of an
auxiliary system in order to compute the velocity update results. Furthermore, Hauret and Le Tallec [10] have considered
a specific penalized enforcement of the contact conditions which implicitly permits verifying the persistency condition.
So, in the following (Sections 3.2 and 3.3), we present two improved energy conserving methods for hyperelastodynamic
contact problems with their extensions to frictional dissipation phenomenon. We insist on the fact that the second method
(presented in Section 3.3) results from the work performed in [10].
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3.2. An adapted continuation of the Newton method
In this section, we present an energy-consistent algorithm for hyperelastodynamic contact problems which differs from
the approaches mentioned above [15,10]. Indeed, as we said in the introduction, this method permits one to enforce,
respectively, the Kuhn-Tucker conditions and the persistency condition during each time step without contact penetrations
and with lower cost.
With the aim of taking into account the contact at time tp+1, we choose to approximate in an implicit way the frictional
contact term (10); so the weak form (9), integrated between times tp and tp+1, can be written as follows:
Find up+1 ∈ U0 such that
1
1t
∫
Ω
ρ(u˙p+1 − u˙p).v+
∫
Ω
5algo : ∇v−
∫
Ω
fp+ 12 .v−
∫
∂gΩ
gp+ 12 .v
+
∫
∂cΩ(2)
[Γνp+1δdνp+1 + Γ τp+1 .δdτp+1 ] = 0,
(23)
where δdνp+1 = νp+1.(v(1) − v⊥(2)) and δdτp+1 = (I − νp+1 ⊗ νp+1).(v(1) − v⊥(2)). So the approximation of the frictional
contact term provided in (23) leads us to enforce the frictional contact conditions at time tp+1, i.e. the discrete versions of
the unilateral contact law (Γνp+1 ∈ ∂ΨR+(dνp+1)), and of the Coulomb’s friction law (Γ τp+1 ∈ ∂Ψ ∗C[Γνp+1 ](δp
o
dτp+1)) but also
of the persistent contact law (Γνp+1δp
o
dνp+1 = 0). The discrete form of the normal and tangential contact distances (dν , dτ)
are defined respectively by:{
dνp+1 := νp+1.(x(1) + u(1)p+1(t, x(1))− (x⊥(2) + u(2)p+1(t, x⊥(2))))
dτp+1 := (I− νp+1 ⊗ νp+1).(x(1) + u(1)p+1(t, x(1))− (x⊥(2) + u(2)p+1(t, x⊥(2)))).
We consider also the discrete form of normal and tangential contact velocities (
o
dν ,
o
dτ) at time tp+1 as follows:
δp
o
dνp+1 :=
dνp+1 − dνp
1t
,
δp
o
dτp+1 :=
dτp+1 − dτp
1t
,
(24)
where the notation δp represents the incremental discretization of .
3.2.1. Implementation of the continuation method
The strategy developed to solve the system (23) is based on the enforcement of the persistent contact law (8) during each
time step; that is possible by applying respectively the unilateral condition and the persistent contact condition during the
passage of tp to tp+1. To do that, we developed an adapted continuation Newton method which can be decomposed in two
steps. In a preliminary step (a), we solve the system (19) with the frictional contact law (1) by using a Newton method. In
a final step (b), we continue the Newton iterations by replacing the laws (1) by the law (8) and the associated Coulomb’s
friction law. This continuation strategy can be written as follows:
step (a): Newton scheme to solve the system (19)
with
{
Γνp+1 ∈ ∂ΨR+(dνp+1)
Γ τp+1 ∈ ∂Ψ ∗C[Γνp+1 ](δp
o
dτp+1)
(25)
step (b): Continuation of the Newton scheme to solve the system (19)
with

if d(a)νp+1 > 0 Γνp+1 = 0
if d(a)νp+1 = 0 Γνp+1 ∈ ∂ΨR+(δp
o
dνp+1)
Γ τp+1 ∈ ∂Ψ ∗C[Γνp+1 ](δp
o
dτp+1).
(26)
In the step (b), the continuation of the Newton method is done by using the normal distance d(a)νp+1 determined at the
convergence of step (a). This approach allows one to avoid some penetrations during impacts which arrive when only step
(b) is solved or when frictional contact conditions are enforced at time tp+ 12 . Once the status of contact was found (step (a)),
we then apply the persistency conditions (8) which will restore the conservation of energy. However, this step of energy
restoration has the disadvantage of not exactly preserving the unilateral contact condition at time tp+1. Indeed, we can note
that the normal gap distance dνp+1 becomes positive (equal to dνp ) at the end of step (b). For this reason, we can say that this
strategy is adapted to low velocity impacts. Another drawback of this approach is that it requires some additional Newton
iterations in order to solve the problemof step (b). In a practical point of view, an overcost from3 to 4 iterations are necessary
for the convergence of step (b).
Y. Ayyad, M. Barboteu / Journal of Computational and Applied Mathematics 228 (2009) 254–269 259
3.2.2. Analysis of the discrete energy evolution
The goal of this section is to perform the analysis of the discrete energy evolution in relation with the steps (a) and (b) of
the extended Newtonmethod presented in the previous Section 3.2. In order to do that, we established this following result
which represents the assessment of the discrete energy between times tp and tp+1:
Proposition 3.1.
Ep+1 − Ep = 1t
∫
Ω
fp+ 12 .u˙p+ 12 +1t
∫
∂gΩ
gp+ 12 .u˙p+ 12 −1t
(∫
∂cΩ(2)
[Γνp+1δp
o
dνp+1 + Γ τp+1 .δp
o
dτp+1 ]
)
. (27)
where Ep and Ep+1 denote respectively the internal energy E at times tp and tp+1. For instance, the discrete energy Ep+1 can be
written as follows:
Ep+1 = 12
∫
Ω
ρu˙2p+1 +
∫
Ω
W˜ (Cp+1). (28)
Proof. Classical arguments are used to establish the proof; it is based on the variational formulation (23) in which we take
v = up+1−up
1t = u˙p+1+u˙p2 (coming from formula (20)). So we obtain the following relation:
1
21t
∫
Ω
ρ(u˙p+1 − u˙p).(u˙p+1 + u˙p)+ 1
1t
∫
Ω
5algo : ∇(up+1 − up)
=
∫
Ω
fp+ 12 .u˙p+ 12 +
∫
∂gΩ
gp+ 12 .u˙p+ 12 −
∫
∂cΩ(2)
[Γνp+1δp
o
dνp+1 + Γ τp+1 .δp
o
dτp+1 ] (29)
where the quantities δp
o
dνp+1 and δp
o
dτp+1 are defined in (24). Furthermore, by using the following identity, (u˙p+1−u˙p)(u˙p+1+
u˙p) = u˙2p+1 − u˙2p and the conservation property of the Gonzalez scheme (given in (22)), we obtain:
1
21t
∫
Ω
ρ(u˙2p+1 − u˙2p)+
1
1t
∫
Ω
W˜ (Cp+1)− W˜ (Cp)
=
∫
Ω
fp+ 12 .u˙p+ 12 +
∫
∂gΩ
gp+ 12 .u˙p+ 12 −
∫
∂cΩ(2)
[Γνp+1δp
o
dνp+1 + Γ τp+1 .δp
o
dτp+1 ]. (30)
Finally, the definition of the discrete energy at times tp and tp+1 (see formula (28)) enables to obtain the desired results. 
Remark 3.2. Similar results for discrete angular and linear momenta can also be established; see for example the work
realized in [9,10].
When external forces are supposed null, the energy assessment given in Proposition 3.1 during the steps (a) and (b) enables
one to obtain the following cases:
Case without friction
step (a): Γνp+1δp
o
dνp+1 ≥ 0⇒ E(a)p+1 ≤ E(a)p ,
step (b): Γνp+1δp
o
dνp+1 = 0⇒ E(b)p+1 = E(b)p .
(31)
Case with friction
step (a): Γνp+1δp
o
dνp+1 ≥ 0,Γ τp+1 .δp
o
dτp+1 ≥ 0⇒ E(a)p+1 ≤ E(a)p ,
step (b): Γνp+1δp
o
dνp+1 = 0,Γ τp+1 .δp
o
dτp+1 ≥ 0⇒ E(b)p+1 ≤ E(b)p .
(32)
In the case without friction (Eq. (31)), we remark that during step (a), the enforcement of the unilateral contact conditions
(Γνp+1dνp+1 = 0) induces a dissipation of energy between times tp and tp+1. Indeed, we can easily prove that the product
Γνp+1δp
o
dνp+1 is always positive and that represents a non-physical behaviour. In addition, during step (b), the enforcement of
the persistent condition permits one to restore the energy exactly. Furthermore, when the friction case Eq. (32) is considered
in both steps (a) and (b), we can easily note that an admissible dissipation of energy is obtained in relation with the friction
behaviour. In other words, this strategy permits one to exactly conserve the energy between times tp and tp+1 when friction
is not considered and also permits one to dissipate energy in a physical way when friction is taken into account.
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3.2.3. The global numerical algorithm
After a full discretization step (time and space), we deduce the nonlinear system defined by
R(up+1,λp+1) = 1
1t
M(u˙p+1 − u˙p)+ Galgo(up+1,up)+ F (up+1,λp+1)− qp+ 12 = 0, (33)
whereM(u˙p+1 − u˙p) comes from the discretization of the inertia term 11t
∫
Ω
ρ(u˙p+1 − u˙p).v and Galgo(up+1,up) is due to
the discretization of the hyperelastic part
∫
Ω
5algo(up+1,up) : ∇v and qp+ 12 comes from the discretization of the external
forces,
∫
Ω
fp+ 12 .v+
∫
∂gΩ
gp+ 12 .v.We denote byF (up+1,λp+1) the discretization of the frictional contact operator obtained by
using a quasi-Lagrangean formulation which permits one to treat, respectively, the frictional contact laws (step (a)) and the
frictional persistency contact conditions (step (b)). This formulation is characterized by the Lagrangean multiplier λ which
can be assimilated to the frictional contact reactions in steps (a) and (b). During step (a) the multiplier λ takes the value
λˆ = (λˆνν, λˆτ) and the quasi-Lagrangean formulation is used to impose the frictional contact conditions (25). In addition,
during step (b), λ takes the value λ˜ = (λ˜νν, λ˜τ) and the Lagrangeanmethod is dedicated to enforce the frictional persistency
contact conditions (26). The operators R and F can take respectively the form R(a) or R(b) and F (a) or F (b) according to
step (a) or (b).The forms of the operator F are the following (we remove the indices p + 1 with an aim of simpliflying the
writing):
step (a) F (a)(u, λˆ) =
(∇u lˆrν(u, λˆν)+∇u lˆrτ(u, λˆτ;Γν)
∇λˆ lˆrν(u, λˆν)+∇λˆ lˆrτ(u, λˆτ;Γν)
)
,
step (b) if d(a)ν = 0 F (b)(u, λ˜) =
(∇u l˜rν(u, λ˜ν)+∇u l˜rτ(u, λ˜τ;Γν)
∇λ˜ l˜rν(u, λ˜ν)+∇λ˜ l˜rτ(u, λ˜τ;Γν)
)
,
if d(a)ν > 0 F
(b)(u, λ˜) = 0.
The terms lˆrν , l˜
r
ν , lˆ
r
τ and l˜
r
τ represent respectively the regularization of the functions ΨR+(dν), ΨR+(δp
o
dν), Ψ ∗Cˆ (δp
o
dτ) and
Ψ ∗
C˜
(δp
o
dτ) and take the following forms,
lˆrν(v, λˆν) =
(
dν(v), λˆν
)
+ r
2
‖dν(v)‖2 − 12r dist
2
R−
{
λˆν + rdν(v)
}
l˜rν(v, λ˜ν) =
(
δp
o
dν(v), λ˜ν
)
+ r
2
‖δp
o
dν(v)‖2 − 12r dist
2
R−
{
λ˜ν + rδp
o
dν(v)
}
lˆrτ(v, λˆτ) =
(
δp
o
dτ(v), λˆτ
)
+ r
2
‖δp
o
dτ(v)‖2 − 12r dist
2
cˆ
{
λˆτ + rδp
o
dτ(v)
}
l˜rτ(v, λ˜τ) =
(
δp
o
dτ(v), λ˜τ
)
+ r
2
‖δp
o
dτ(v)‖2 − 12r dist
2
c˜
{
λ˜τ + rδp
o
dτ(v)
}
,
(34)
where r is a positive penalty factor; even if the same notation is conserved for the factor r; note that its value is not the same
for steps (a) and (b). Alart and Curnier [2] have introduced a particular form of the ’’quasi’’ Lagrangean by substituting C[τn]
by the augmented convex set Cˆ; we introduce a similar form for the augmented convex C˜ in the case of step (b):Cˆ
(
λˆν, dν(u)
)
:= C
[
projR−
(
λˆν + rdν(u)
)]
,
C˜
(
λ˜ν, δ
o
dν(u)
)
:= C
[
projR−
(
λ˜ν + rδp
o
dν(u)
)]
.
Moreover, this ‘‘quasi’’ augmented Lagrangean approach permits one to exactly satisfy the contact constraints and friction
criteria contrary to penalty techniques. For more details about the quasi-Lagrangean formulation and penalty techniques
see [2,18]. The nonlinear system (33) can be solved by a generalized Newton method developed in [2]. This method leads to
the following iterative scheme (indexed by i):
xi+1,p+1 = xi,p+1 −
(
∂xp+1R(xi,p+1)
)−1
R(xi,p+1),
where the variable xi+1,p+1 denotes the pair (ui+1,p+1,λi+1,p+1). Through this Newton method, we choose to treat both
variables up+1 and λp+1 simultaneously. So this method leads to the solution of a linear system:
Ki,p+11xi,p+1 = − 1
1t
M(u˙i,p+1 − u˙p)− Galgo(ui,p+1,up)− F (ui,p+1,λi,p+1)+ qp+ 12 (35)
with Ki,p+1 = 2
1t2
M+ Kei,p+1 + Kci,p+1
and 1xi,p+1 = (ui+1,p+1 − ui,p+1,λi+1,p+1 − λi,p+1)
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where M = ∂u˙p+1M represents the mass matrix and Kei,p+1 = ∂up+1Galgo is the hyperelastic tangent matrix and Kci,p+1 =
∂xp+1F (xi,p+1) denotes the frictional contact tangent matrix. We remark the fact that the matrix Ki,p+1 of system (35) is
strongly non-symmetric. The non-symmetries come from the friction law but also from the mathematical form of tensor
5algo (see [8]). So we resume the adapted numerical scheme used by the following algorithm,
for p = 0 ..
x0,p+1 = xp
u˙0,p+1 = −u˙p
step (a): for i = 0 ..
K
(a)
i,p+11xi,p+1 = −R(a)(xi,p+1)
xi+1,p+1 = xi,p+1 +1xi,p+1
u˙i+1,p+1 = u˙i,p+1 + 2
1t
1ui,p+1
until convergence (i← i+ 1)  i(a)
step (b): for i = i(a) ..
K
(b)
i,p+11xi,p+1 = −R(b)(xi,p+1)
xi+1,p+1 = xi,p+1 +1xi,p+1
u˙i+1,p+1 = u˙i,p+1 + 2
1t
1ui,p+1
until convergence (i← i+ 1)
until p = P (p← p+ 1)
Note that i(a) represents the iteration number necessary to obtain the convergence of step (a).
3.3. A specific penalized enforcement
In the case where we consider a penalty method to enforce the unilateral contact law, the normal contact reaction is
defined as follows:
Γν = rd−ν with d−ν = min(0, dν) = distR−(dν). (36)
Then, as that is specified in the work of Hauret and Le Tallec [10], the persistency condition is no longer necessary to obtain
energy conservation properties. That is the subject of the next section.
3.3.1. Implementation of the penalization method
The workWc of contact reactions takes this form:
Wc =
∫
∂cΩ
Γν
o
dν =
∫
∂cΩ
rd−ν
o
dν =
∫
∂cΩ
r
2
d
dt
{d−ν }2. (37)
If we consider the energy Gonzalez approach [8], the conservation of the energy system with a penalty technique for the
contact is given by:
E(t)− E(0) =
∫ t
0
∫
Ω
f.u˙+
∫ t
0
∫
∂gΩ
g.u˙− r
2
∫
∂cΩ
[
(d−ν (t))
2 − (d−ν (0))2
]
. (38)
While taking as a starting point the work of Hauret and Le Tallec [10], we reproduce in the discrete framework the previous
conservation properties by taking into account the normal contact reaction Γνp+1 defined as follows:
Γνp+1 = rd˜νp+1 with d˜νp+1 =
(d−νp+1)
2 − (d−νp)2
2(dνp+1 − dνp)
. (39)
d˜νp+1 represents a specific form of the normal contact distance d
−
ν at time tp+1 in order to obtain the conservation properties.
Note that r is the penalization parameter which can be assimilated with the surface stiffness coefficient ( 1r represents the
deformability coefficient).
In the case where friction is considered, a penalty technique can also be used and the tangential reaction Γ τp+1 takes the
following forms:{
Γ τp+1 = rδp
o
dτp+1 stick case,
Γ τp+1 = −µΓνp+1τp+1 slip case.
(40)
262 Y. Ayyad, M. Barboteu / Journal of Computational and Applied Mathematics 228 (2009) 254–269
3.3.2. Analysis of the discrete energy evolution
As in the previous Section 3.2, we consider the assessment of the discrete energy for the specific penalization method
between times tp and tp+1:
Proposition 3.3.
Ep+1 − Ep = 1t
∫
Ω
fp+ 12 .u˙p+ 12 +1t
∫
∂gΩ
gp+ 12 .u˙p+ 12 −1t
∫
∂cΩ(2)
[
r
((d−νp+1)
2 − (d−νp)2)
2(dνp+1 − dνp)
δp
o
dνp+1 + Γ τp+1 .δp
o
dτp+1
]
.
(41)
Proof. Similar arguments employed in the proof of the Proposition 3.1 are used to establish this result; in particular we use
the formulae (24) and (39). We refer to [9,10] for more details. 
When the external forces are assumed null, the previous energy assessment given in 3.3 takes the following form
Ep+1 − Ep = −
∫
∂cΩ
[
r
2
((d−νp+1)
2 − (d−νp)2)+ Γ τp+1 .δp
o
dτp+1
]
. (42)
In the case without friction, we remark that the form (39) of the normal contact reaction permits an energy assessment in
agreement with the formula (38). Although the conservation of the energy is conserved during the passage of tp to tp+1, we
notice that the unilateral contact condition is not exactly preserved at time tp+1. Indeed, the normal contact distance d˜νp+1
considered in the normal contact reaction Γνp+1 is not equal to d
−
νp+1 ; so this specific penalization technique has also the
disadvantage of not preserving the unilateral contact condition at time tp+1. Furthermore in the friction case, a physically
acceptable dissipation is obtained since Γ τp+1 .δp
o
dτp+1 is always greater or equal to zero.
From the implementation point of view, if the specific penalized laws (39) and (40) are considered, we can also use the
iterative scheme (35) by taking for the frictional contact operator F the following penalized expression:
F (ui,p+1) = Γνp+1νp+1 + Γ τp+1 ,
where Γνp+1 and 0τp+1 are respectively defined by formulas (39) and (40).
4. A representative numerical experiment
In this section, we present a representative simulation in order to analyze and compare the behaviour of some classical
time integration schemes (trapezoidal rule, midpoint rule and HHT scheme, etc.) with the energy-consistent methods
presented in this paper. This application concerns an academic impact problem with hyperelastic constitutive behaviour
for the material: the bouncing of the ring against a rigid surface [13]. The compressible material response, considered here,
is governed by an Ogden constitutive law (see [6]) defined by
W (C) = c1(I1 − 3)+ c2(I2 − 3)+ a(I3 − 1)− (c1 + 2c2 + a) ln I3,
where I1, I2 and I3 represent the three invariants of the tensor C. The interest of this application is not only to recall
the numerical behaviour of several time integration schemes but also to assess the performance and to underscore the
conservative or dissipative behaviour of the two proposed methods. In the first Section 4.1, we consider only one impact
of a ring against a rigid surface and afterwards in Section 4.2 the bouncing of the ring until quasi-rolling on the surface
is presented. In each of these sections, we analyze the so-called adapted continuation Newton method and the specific
penalization method in terms of discrete energy evolution, normal contact distances and normal contact pressures and
dependencies according to the time step.
4.1. An impact of a ring against a rigid surface
This representative problem describes the impact of an hyperelastic ring against a rigid surface (see [13] for details).
The elastic ring is thrown with an initial velocity u˙ = (u˙x = 10 m/s, u˙y = −10 m/s) at 45◦ angle to a flat rigid
surface as depicted in Fig. 1. The material properties and dimensions of the ring are as follows: Ogden material constants
c1 = 0.5 MPa, c2 = 0.5 × 10−2 MPa, a = 0.35 MPa, outer radius of the ring r0 = 10 m, inner radius = 9 m, density
ρ = 1000 kg/m3. Moreover, we consider the final time T = 10 s and a time step 1t = 0.01 s. Fig. 2 represents the
evolution of the total discrete energy of the dynamic system without friction for various classical time integration schemes
as the trapezoidal (curve N), midpoint (curve H) rules and the HHT scheme (curve (+)). In order to do that, the total discrete
energy at time tp+1 is defined by the following formula:
p+1 =
∫
Ω
fp+1.up+1 +
∫
∂gΩ
gp+1.up+1 − 12
∫
Ω
ρu˙2p+1 −
∫
Ω
W˜ (Cp+1).
Furthermore, we focus our attention on themethods presented in Sections 3.2 and 3.3 and in order to analyze its behaviour,
we consider the following simulations:
– the curve (•) represents the continuation method to solve the considered problem without friction.
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Fig. 1. Deformed sequence of the hyperelastic ring during and after the first impact.
Fig. 2. Discrete energy behaviour of selected time integration schemes during the first impact (frictionless case).
– a variant of the continuation method in which we use only step (a) (without step (b)) to solve the same problem (curve
()).
– the curve () represents the specific penalizedmethod (the parameter r is fixed to 108 in order to neglect the penalization
effect).
– a standard penalized method () represents the specific penalized method in which the normal contact pressure Γνp+1
is defined by using d−νp+1 instead of d˜νp+1 , so Γνp+1 = rd−νp+1 .
Firstly, we can note that after the impact (time t ≥ 1.7) and for the considered time step1t = 0.01, themethods (curves
(N), (H) and (+)) not using the Gonzalez form of 5algo (21), are characterized by an energy blow up. Furthermore, in the
absence of friction, the proposed schemes (curves (•) and ()) permit one to conserve the energy exactly after the impact,
contrary to the standard cases (curves () and ()).
Fig. 3 represents the evolution of the discrete energy of the dynamic frictional contact system for the continuation scheme
with steps (a)–(b) and the specific penalized method during the first impact. We note that for the two proposed methods
(curves () and (∗) for the friction case), an energy dissipation appears when the friction is considered. This dissipation is
in agreement with the physical phenomenon of the friction. Furthermore, Figs. 4 and 5 represent the dissipative behaviour
of the two proposed method in relation with the friction phenomenon. In order to do that, we consider several friction
coefficients: 0. 0.1 0.2 0.3 and 0.4. So, we note that the energy dissipation grows proportionally to the friction coefficient.
These dissipation behaviours are quite similar for the two methods.
Thereafter, we are interested in the dependence of the two methods compared to the time step during the first impact
(t ∈ [1.8, 2.4]). In the case of frictionless problem, we analyze the errors made on normal contact distances (Figs. 6 and 8)
and the behaviour of normal contact pressures (Figs. 7 and 9) following a time step1t successively halved going from 0.01
to 0.0006125. Theses drawbacks come from the fact that the unilateral contact condition is not exactly verified at time tp+1.
Indeed, for the continuation method, dνp+1 returns to the value dνp when the persistency condition of step (b) is enforced;
that is due to the discretization form of the normal contact velocity. In addition, the penalized method is characterized by
Γνp+1 = rd˜νp+1 where d˜νp+1 represents a different value of d−νp+1 (see Eq. (39)).
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Fig. 3. Discrete energy behaviour of the two presented methods during the first impact for friction and frictionless cases.
Fig. 4. Dissipation energy behaviour of the Newton continuation method with respect to the friction coefficient.
Fig. 5. Dissipation energy behaviour of the specific penalization method with respect to the friction coefficient.
According to Figs. 6 and 8, we note that the smaller the time step is, the smaller the errors; these disadvantages decrease
considerablywhen1t becomes small. Indeed the normal contact distance is approximatively divided by a factor 10when the
time step decreases from0.01 to 0.0006125. For1t = 0.0006125 the normal contact distance represents an error lower than
0.1% compared with the ring diameter. Furthermore, the differences of the behaviours between the twomethods disappear
when the time step becomes smaller.
According to Figs. 7 and 9, a dependence of the normal contact pressures in relation with the time step can also be noted.
In this context, it would seem that the smaller the time step is, the larger the normal contact pressures. The behaviour is
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Fig. 6. Normal contact distances dνp+1 for the continuation method with respect to several time steps.
Fig. 7. Normal contact pressures Γνp+1 for the continuation method with respect to several time steps.
proportionally opposite to the dependence of the normal contact distance with respect to the time step (see Figs. 6 and 8).
For all these reasons, we can qualify the continuation method and the specific penalized method as methods well adapted
to a solution of nonlinear elastodynamic problems with low-velocity impact.
4.2. Bounces of the ring
Now, we consider the bouncing of the ring until obtaining the rolling against the rigid surface. To do that, the same
materials properties and dimension of the ring taken in the previous section are considered. In this simulation, the initial
velocity remains unchanged u˙ = (u˙x = 10 m/s, u˙y = −10 m/s) and the final time T is prolonged up to 100 s. According to
Figs. 10–13, we can extend the same comments made in the previous section, i.e. the proposed schemes provide a long
term time integration with a perfect energy conservation if the problem without friction is considered (curves (•) and
()). But, if we consider the simplified cases to solve this problem (curve () and ()), a dissipation appears during each
impact (characterized by a very strong damping of the ring) and that represents a physically nonrealistic phenomenon.
Moreover, in case we solve the problem with contact and friction, the continuation method (curve (∗)) and the specific
penalized method (curve ()) make it possible to dissipate energy reasonably with an admissible frictional dissipation
phenomenon. Furthermore, the evolutions of the energy in the case of the two proposed methods are practically similar.
In addition, the displacements of the ring for the continuation method (Fig. 10) and for the specific penalization method
(Fig. 12) differ somewhat. This is due to the fact that the quantities concerning the contact are not similar between the two
approaches.
In Figs. 14 and 15, we represent the trajectories of the ring for various time steps in the case of the frictionless problem.
The trajectories are different from one time step to another; that comes from the fact that at each impact the geometry of
the ring is perturbed. Indeed, the successive impacts generate various sizes and configurations of the contact zone of the
ring. These behaviours are non-regular from a time step to another and from one method to another. According to Figs. 16
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Fig. 8. Normal contact distances dνp+1 for the penalized method with respect to several time steps.
Fig. 9. Normal contact pressures Γνp+1 for the penalized method with respect to several time steps.
Fig. 10. Displacement of the ring during the bounces for the continuation method.
and 17 we can clearly observe that the errors made on normal contact distances decrease considerably with respect to the
time step. These errors do not increase and preserve the same order of magnitude during successive impacts.
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Fig. 11. Discrete energy of the ring for the continuation method.
Fig. 12. Displacement of the ring during the bounces for the penalized method.
Fig. 13. Discrete energy of the ring for the penalized method.
5. Conclusion
In this paper, we have presented two energy-conserving method for nonlinear elastodynamic contact problems with a
natural extension to dissipation phenomena when friction is taken into account. The first strategy presented in Section 3.2
differs from the existing methods [14,3,15,10] and it is based on a specific enforcement of the persistency contact law by
using a continuation of the Newton method in the case when contact occurs. The second method presented in Section 3.3
is based on a specific penalized enforcement of the unilateral contact [10] which permits one to implicitly verify the energy
conservation.
The efficiency of the proposed methods is tested on a representative simulation: the bounces of the ring against a
rigid surface. We focus our attention on the analysis of the two methods in terms of displacement of the ring, discrete
energy evolution, normal contact distance and normal contact pressures at each impact. Furthermore, we have analyzed
the dependencies of the two methods compared to the time step and the friction coefficient.
In the future, it would be interesting to compare these two approaches with the method developed in [12] which
represents a specific distribution of the mass matrix with no inertia of the contact nodes in order to obtain practically an
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Fig. 14. Displacement of the ring center during the bounces for the continuation method with respect to several time steps.
Fig. 15. Displacement of the ring center during the bounces for the penalized method with respect to several time steps.
Fig. 16. Normal contact distances dνp+1 for the continuation method with respect to several time steps.
energy conserving problem. However, this method elaborated in the case of linear elasticity will have to be extended to the
case of large deformations. In addition, an interesting perspective would be to use these energy-consistent methods for the
study of the dynamic evolution of cellular materials undergoing strong impacts. These difficult problems are characterized
by the selfcontact phenomenon of cellular walls during the densification process of cellular media (see [1] for more details
about these problems).
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Fig. 17. Normal contact distances dνp+1 for the penalized method with respect to several time steps.
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